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We review the main results and ideas showing that quantum correlations at finite tem-
peratures (T ), in particular quantum discord, are useful tools in characterizing quantum
phase transitions that only occur, in principle, at the unattainable absolute zero temper-
ature. We first review some interesting results about the behavior of thermal quantum
discord for small spin-1/2 chains and show that they already give us important hints
of the infinite chain behavior. We then study in detail and in the thermodynamic limit
(infinite chains) the thermal quantum correlations for the XXZ and XY models, where
one can clearly appreciate that the behavior of thermal quantum discord at finite T is a
useful tool to spotlight the critical point of a quantum phase transition.
Keywords: Quantum correlations; Quantum phase transitions; Thermal quantum discord
1. Introduction
A deeper understanding of the low temperature macroscopic phases of a many-body
system can only be achieved with the aid of a quantum theory. Of particular interest
is the modeling and description of how the system goes from one phase to another, a
process known as “phase transition”. In ordinary phase transitions, which occur at
finite temperatures, the phase change is driven by thermal fluctuations. For example,
if we heat a magnet we arrive at a temperature (Curie temperature) above which
it loses its magnetism. In other words, the magnet initially in the ferromagnetic
phase, where all spins are aligned, changes to the paramagnetic phase, where the
magnetic moments are in a disordered state.
However, a phase transition can also occur at or near absolute zero tempera-
ture (T = 0), where thermal fluctuations are negligible. This process is called a
quantum phase transition (QPT)1 and is attained varying a tuning parameter in
the Hamiltonian (e.g. an external magnetic field) while keeping the temperature
fixed. When the tuning parameter reaches a particular value, the so called critical
point (CP), the system’s Hamiltonian ground state changes drastically, which re-
flects in an abrupt modification of the macroscopic properties of the system. In this
∗rigolin@ufscar.br
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scenario, quantum fluctuations, which loosely speaking are governed by the Heisen-
berg uncertainty principle, are responsible for the phase transition. Although it is
impossible to achieve T = 0 due to the third law of thermodynamics, the effects of
QPTs can be observed at finite temperatures whenever the de Broglie wavelength
is greater than the correlation length of thermal fluctuations1. Important exam-
ples of QPTs are the paramagnetic-ferromagnetic transition in some metals2, the
superconductor-insulator transition3, and superfluid-Mott insulator transition4.
The ground state of a many-body system at T = 0 near a CP is often described
by a non-trivial wave function due to the long-range correlations among the sys-
tem’s constituents. In Ref. 5 Preskill argued that quantum entanglement could be
responsible for these correlations and therefore the methods developed by quantum
information theory (QIT) could be useful in studying the critical behavior of many-
body systems. Besides, new protocols for quantum computation and communication
could be formulated based on such systems. Along these lines many theoretical tools
(in particular entanglement quantifiers) originally developed to tackle QIT problems
were employed to determine the CPs of QPTs at T = 0 6. Later L.-A. Wu et al.7
proved a general connection between non-analyticities in bipartite entanglement
measures and QPTs while in Ref. 8 this connection was extended to multipartite
entanglement.
Recently another quantity, namely, quantum discord (QD), has attracted the
attention of the quantum information community. QD goes beyond the concept of
entanglement and captures in a certain sense the “quantumness” of the correlations
between two parts of a system. It was built by noting the fact that two classically
equivalent versions of the mutual information are inequivalent in the quantum do-
main 9,10. Using QD one can show that quantum entanglement does not describe
all quantum correlations existing in a correlated quantum state. In other words,
it is possible to create quantum correlations other than entanglement between two
quantum systems via local operations and classical communication (LOCC).
The first study showing a possible connection between QD and QPT was done
by R. Dillenschneider11 in the context of spin chains at T = 0, where a CP as-
sociated to a QPT was well characterized by QD. Further studies subsequently
have confirmed the usefulness of QD in describing other types of QPTs at zero
temperature12. Moreover, it is important to note that such quantum informational
approaches to spotlight CPs of QPTs do not require the knowledge of an order
parameter (a macroscopic quantity that changes abruptly during the QPT); only
the extremal values or the behavior of the derivatives of either the entanglement or
QD is sufficient.
The previous theoretical studies, however, were restricted to the zero tempera-
ture regime, which is experimentally unattainable ; the third law of thermodynamics
dictates that it is impossible to drive a system to T = 0 by a finite amount of ther-
modynamic operations. Due to this limitation it is therefore not straightforward
to directly compare those theoretical results with experimental data obtained at
finite T . In order to overcome this problem one has to study the behavior of quan-
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tum correlations in a system at thermal equilibrium, which is described by the
canonical ensemble ρT = e
−H/kT /Z, with H being the system’s Hamiltonian, k
the Boltzmann’s constant and Z = Tr
(
e−H/kT
)
the partition function. Thermal
entanglement, i.e. the entanglement computed for states described by ρT , was first
studied by M. C. Arnesen et al.13 for a finite unidimensional Heisenberg chain.
Other interesting works followed this one, where thermal entanglement has been
considered for other Hamiltonians, both for finite14,15 and infinite chains16. See
Ref. 17 for extensive reviews on entanglement and QPT. However, the focus of the
aforementioned works was not the study of the ability of thermal entanglement to
point out CPs when T > 0. In Ref. 18, two of us introduced the analogous to ther-
mal entanglement, namely, thermal quantum discord (TQD), and we studied the
behavior of this quantity in a system consisting of two spins described by the XY Z
model in the presence of an external magnetic field. In this work it was observed
for the first time that TQD could be able to signal a QPT at finite T .
In order to fully explore the previous possibility, highlighted by solving a simple
two-body problem18, we tackled the XXZ Hamiltonian in the thermodynamic limit
for several values of T > 019. Now, working with infinite chains, we were able to
show for the first time that TQD keeps its ability to detect the CPs associated to
the QPTs for the XXZ model even if T 6= 0, while entanglement and other thermo-
dynamic quantities are not as good as TQD. Also, we showed that these quantities
when contrasted to TQD lose for increasing T their CP-detection property faster
than TQD. Later20 we generalized those results considering (i) the XXZ Hamil-
tonian and (ii) the XY Hamiltonian both in the presence of an external magnetic
field. For these two models it was shown that among the usual quantities employed
to detect CPs, TQD was the best suited to properly estimate them when T > 0.
Our goal in this paper is to present a short but self-contained review of our
aforementioned results about TQD and its application as a CP detector of QPTs.
To this end we structure this paper as follows. In Sec. 2 we present a brief review
about quantum correlations where QD and the entanglement of formation take
on a prominent role. In Sec. 3 we review the behavior of TQD in the context of
simple two-qubit models. We then move on to the analysis of the ability of quantum
correlations, in particular TQD, to spotlight the CPs of QPTs when the system is
at T > 0 and in the thermodynamic limit. In this context we study the XXZ and
XY models with and without an external magnetic field. Finally, we conclude and
discuss future directions in Sec. 4.
2. Quantum Correlations
The superposition principle of quantum mechanics is directly related to the exis-
tence of (quantum) correlations that are not seen in classical objects. This prin-
ciple together with the tensorial nature of combining different quantum systems
(Hilbert spaces) lead to entanglement, which implies intriguing correlations among
the many constituents of a composite system that puzzle our classical minds. It
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is worth mentioning that this tensorial nature from which a composite quantum
system is described in terms of its parts is not a truism. Indeed, the principle of
superposition is also present in classical physics, for example in the classical theory
of electromagnetism. However, in classical physics this tensorial nature for combin-
ing systems is missing, which helps in understanding why “weird” quantum effects
such as non-locality21 are not seen in a classical world.
During many decades after the birth of quantum mechanics quantum correla-
tions were thought to be necessarily linked to non-locality, or more quantitatively,
to the violation of a Bell-like inequality22. The non-violation of a Bell-like inequal-
ity implies that the correlations among the parts of a composite system can be
described by a local realistic theory. This fact led many to call a state not violating
any Bell-like inequality a classical state.
This situation changed by the seminal work of R. F. Werner23, who showed
that there are mixed entangled states that do not violate any Bell-like inequality.
Therefore, according to the Bell/non-locality paradigm these states should be con-
sidered examples of classical states although possessing entanglement. This state of
affairs was unsatisfactory and the notion of classical states was expanded. A clas-
sical (non-entangled) state was then defined as any state that can be created only
by local operations on the subsystems and classical communication among its many
parts (LOCC)24,25. For a bipartite system described by the density operator ρAB,
the states created via LOCC (separable states) can be generally written as
ρAB =
∑
j
pjρ
A
j ⊗ ρBj , (1)
where pj ≥ 0,
∑
j pj = 1, and ρ
A,B
j are legitimate density matrices. If a quantum
state cannot be written as (1) then it is an entangled state.
At this point one may wonder if this is a definitive characterization of a classical
state. Or one may ask: Isn’t there any “quantumness” in the correlations for some
sort of separable (non-entangled) quantum states? Can we go beyond the entangle-
ment paradigm? As observed in refs. 9, 10 there exist some states written as (1) that
possess non-classical features. This fact led the authors of refs. 9, 10, 26 to push
further our definition of classical states. Now, instead of eq. (1), we call a bipartite
state classical if it can be written as
ρAB =
∑
jk
pjk|j〉A〈j| ⊗ |k〉B〈k|, (2)
where |j〉A and |k〉B span two sets of orthonormal states. States described by (2)
are a subset of those described by (1) and they are built via mixtures of locally dis-
tinguishable states26. Intuitively, classical states are those where the superposition
principle does not manifest itself either on the level of different Hilbert spaces (zero
entanglement) or on the level of single Hilbert spaces (no Schro¨dinger cat states
leading to a mixture of non-orthogonal states). Such states have null QD.
Let us be more quantitative and define QD for a bipartite quantum state 9,10
divided into parts A and B. In the paradigm of classical information theory24 the
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total correlation between A and B is quantified by the mutual information (MI),
I1(A : B) = H(A) +H(B)−H(A,B), (3)
where H(X) = −∑x px log2 px is the Shannon entropy with px the probabil-
ity distribution of the random variable X . The conditional probability for clas-
sical variables pa|b is defined by the Baye’s rule, that is, pa|b = pa,b/pb, with
pa,b denoting the joint probability distribution of variables a and b. Using the
conditional probability one can show that H(A,B) = H(A|B) + H(B), where
H(A|B) = −∑a,b pa,b log2(pa|b). This last result allows one to write MI, eq. (3), as
I2(A : B) = H(A)−H(A|B). (4)
Note that H(A|B) ≥ 0 is the conditional entropy, which quantifies how much un-
certainty is left on average about A when one knows B. The quantum version of eq.
(3), denoted by Iq1 (A : B), can be obtained replacing the Shannon entropy by the
von-Neumann entropy S(X) = S(ρX) = −Tr (ρX log2 ρX), where ρX is the density
operator of the system X = A,B. On the other hand, a quantum version of eq. (4)
is not so straightforward because the Bayes’ rule is not always valid for quantum
systems27. For instance, this rule is violated for a pure entangled state. Indeed, one
can show that if we naively extend the usual quantum conditional entropy to quan-
tum systems as S(A|B) ≡ S(A,B)− S(B), it becomes negative for pure entangled
states. QD is built in a way to circumvent this limitation.
In order to build a meaningful quantum version of the conditional entropy
H(A|B) it is necessary to take into account the fact that knowledge about system
B is related to measurements on B. And now, differently from the classical case,
a measurement in the quantum domain can be performed in many non-equivalent
ways (different set of projectors, for instance). If a general quantum measurement,
i.e. a POVM (positive operator valued measure)24, {Mb} is performed in the quan-
tum state ρAB, then after the measurement the state is described by
∑
bMbρABM
†
b .
The probability of the outcome b of B is pb = Tr
[
MbρABM
†
b
]
and the conditional
state of A in this case is ρA|b =
(
MbρABM
†
b
)
/pb. Thus, the conditional entropy
with respect to the POVM {Mb} is S(A|{Mb}) ≡
∑
b pbS(ρA|b). Therefore, in order
to quantify the uncertainty left on A after a measurement on B one has to minimize
over all POVMs. This leads to the following definition of the quantum conditional
entropy9,10:
Sq(A|B) ≡ min{Mb}S(A|{Mb}). (5)
At this point, the quantum version of the mutual information (4), denoted by
Iq2 (A : B), is obtained replacing the classical conditional entropy H(A|B) by its
quantum analog Sq(A|B), which does not assume negative values. The quantum
discord is defined as the difference between these two versions of the quantum mutual
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information9,10:
D(A|B) ≡ Iq1 (A : B)− Iq2 (A : B)
= Sq(A|B) − S(A|B). (6)
Note that QD is not necessarily a symmetric quantity, because the conditional en-
tropy (5) depends on the system in which the measurement is performed. However,
for the density operators studied in this paper QD is always symmetric. Further-
more, while for mixed states there are states with null entanglement and QD > 0,
for pure states QD is essentially equivalent to entanglement. In other words, only
for mixed states there might be quantum correlations other than entanglement. As
demonstrated recently28, a quantum state ρAB has D(A|B) = 0 if, and only if, it
can be written as ρAB =
∑
j pjρ
A
j ⊗
∣∣ψBj 〉 〈ψBj ∣∣, with∑j pj = 1 and {
∣∣ψBj 〉} a set of
orthogonal states. This result shows the importance of the superposition principle
to explain the origin of the quantum correlations. It is due to this principle that one
can generate a set {
∣∣ψBj 〉} of non-orthogonal states leading to states with nonzero
QD.
For arbitraryN×M -dimensional bipartite states the computation of QD involves
a complicated minimization procedure whose origin can be traced back to the eval-
uation of the conditional entropy Sq(A|B), eq. (5). In general one must then rely on
numerical procedures to get QD and it is not even known whether a general efficient
algorithm exists. For two-qubit systems, however, the minimization over generalized
measurements can be replaced by the minimization over projective measurements
(von Neumann measurements)29. In this case the minimization procedure can be
efficiently implemented numerically30 for arbitrary two-qubit states and some ana-
lytical results can be achieved for a restricted class of states31. In this work we will
be dealing with density matrices ρ in the X-form, that is, ρ12 = ρ13 = ρ24 = ρ34 = 0.
Moreover, in our models ρ22 = ρ33 and all matrix elements are real, making the
numerical evaluation of QD simple and fast.
To close this section, we introduce the measure of entanglement used in this
paper, the Entanglement of Formation (EoF)32. EoF quantifies, at least for pure
states, how many singlets are needed per copy of ρAB to prepare many copies of
ρAB using only LOCC. For an X-form density matrix we have
EoF (ρAB) = −g log2 g − (1− g) log2(1− g), (7)
with g = (1 +
√
1− C2)/2 and the concurrence32 given by C = 2max {0,Λ1,Λ2},
where Λ1 = |ρ14| − √ρ22ρ33 and Λ2 = |ρ23| − √ρ11ρ44.
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3. Results and Discussions
3.1. Two interacting spins
In this section we consider a two spin system described by the XYZ model with an
external magnetic field acting on both spins.18 The Hamiltonian of this model is
HXY Z =
Jx
4
σx1σ
x
2 +
Jy
4
σy1σ
y
2 +
Jz
4
σz1σ
z
2 +
B
2
(σz1 + σ
z
2) , (8)
where σαj (α = x, y, z) are the usual Pauli matrices acting on the j-th site and we
have assumed ~ = 1. As mentioned above, the density matrix describing a system
in equilibrium with a thermal reservoir at temperature T is ρT = e
−H/kT /Z, where
Z = Tr
(
e−H/kT
)
is the partition function. Therefore, the thermal state for the
Hamiltonian (8) assumes the following form
ρ =
1
Z


A11 0 0 A12
0 B11 B12 0
0 B12 B11 0
A12 0 0 A22

 , (9)
with A11 = e
−α (cosh(β) − 4B sinh(β)/η), A12 = − ∆ e−α sinh(β)/η, A22 =
e−α (cosh(β) + 4 B sinh(β)/η), B11 = eα cosh(γ), B12 = − eα sinh(γ), and Z =
2 (exp (−α) cosh(β) + exp (α) cosh(γ)), where ∆ = Jx − Jy, Σ = Jx + Jy, η =√
∆2 + 16B2, α = Jz/(4kT ), β = η/(4kT ), and γ = Σ/(4kT ).
The first important result appears in the absence of an external field. As shown
in Ref. 15, when B = 0, the entanglement does not increase with increasing tem-
perature. On the other hand, as can be seen in Fig. 1 (panels a and b) for the XXZ
model (Jx = Jy = J and Jz 6= 0), TQD begins with a non-null value at T = 0
and increases as T increases before decreasing with T , while EoF is always zero15.
Note that such effect is observed for different configurations of coupling constants.
The possibility of TQD to point out a QPT even when the system is at finite
temperatures emerged from our study about the XXX model for two spins18. The
XXX model is obtained from Hamiltonian (8) making Jx = Jy = Jz = J . When
J → ∞ the density operator (9) will be the Bell state ρ = |ψ〉 〈ψ|, with |ψ〉 =
1√
2
(|01〉 − |10〉), for any T . For the opposite limit J → −∞ the density operator
is the mixed state ρ = 1
3
(|00〉 〈00|+ |11〉 〈11|+ |φ〉 〈φ|) with |φ〉 = 1√
2
(|01〉+ |10〉).
In this case EoF is zero, while TQD assumes the value 1/3. Furthermore, as shown
in Fig. 2, EoF is zero in the ferromagnetic region (J < 0) and non-zero in the
antiferromagnetic region (J > 0) only when T = 0. For T > 0 EoF becomes non-
zero only for J > Jc(T ) = kT ln(3). On the other hand, TQD is equal to zero only
at the trivial point J = 0, even at finite T . Although we are considering here only
two spins, such result suggests that TQD may possibly signal a QPT for T > 0.
Let us now analyze the case where B 6= 0 and focus on the XY model in a
transverse magnetic field (Jx, Jy 6= 0, and Jz = 0). As noted in Ref. 15 EoF shows
a sudden death and then a revival (see Fig. 3, panel b). However, TQD does not
suddenly disappear as Fig. 3, panel a, depicts. Actually, TQD decreases with T
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(a) (b)
Fig. 1. TQD for a two spin system as a function of the absolute temperature kT for the XXZ
model with B = 0. (a) Here Jz = −0.5 and J = 0.1 (solid line), 0.2 (dashed line), 0.3 (dotted
line), 0.4 (dash-dotted line); (b) Now we fix J = 0.4 and Jz = −0.8 (solid line), −0.7 (dashed
line), −0.6 (dotted line), −0.5 (dash-dotted line). Here and in the following graphics all quantities
are dimensionless.
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(b)(a)
Fig. 2. TQD (a) and EoF (b) for a two spin system as functions of the coupling J for kT = 0.05
(solid line), 0.1 (dashed line), 0.5 (dotted line), 1.0 (dash-dotted line). Both plots for the XXX
model with B = 0.
to a non-null value and after a critical temperature Tc it starts increasing again.
This effect is called regrowth18. Although the regrowth of EoF with temperature
is not observed for two spin chains, we showed in Ref. 20 that such interesting
behavior is possible in the thermodynamic limit. Also, if we carefully look at Fig. 3
the distinctive aspects of these two types of quantum correlations become more
evident. For example, comparing panels a and b we see regions where TQD increases
while EoF decreases. Finally, in a very interesting and recent work, X. Rong et al.33
experimentally verified some of the predictions here revised and reported in refs. 18,
19, 20, namely, the sudden change of TQD at finite temperatures while changing
the anisotropy parameter of a two spin XXZ Hamiltonian.
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Fig. 3. TQD (a) and EoF (b) for a two spin system as functions of the absolute temperature kT
for the XY model with transverse magnetic field B. Here Jx = 2.6 and Jy = 1.4. The values for B
are 1.1 (solid line), 2.0 (dashed line), and 2.5 (dotted line).
3.2. XXZ Model
Turning our attention to infinite chains (L → ∞), let us start working with the
one-dimensional anisotropic spin-1/2 XXZ model subjected to a magnetic field in
the z-direction. Its Hamiltonian is
Hxxz = J
L∑
j=1
(
σxj σ
x
j+1 + σ
y
j σ
y
j+1 +∆σ
z
j σ
z
j+1
)− h
2
L∑
j=1
σzj , (10)
where ∆ is the anisotropy parameter, h is the external magnetic field, and J is
the exchange constant (J = 1). We have assumed periodic boundary conditions(
σαL+1 = σ
α
1
)
. The nearest neighbor two spin state is obtained by tracing all but the
first two spins, ρ1,2 = TrL−2(ρ), where ρ = exp (−βHxxz)/Z. The Hamiltonian (10)
exhibits both translational invariance and U(1) invariance
([
Hxxz,
∑L
j=1 σ
z
j
]
= 0
)
leading to the following nearest neighbor two spin state
ρ1,2 =
1
4


ρ11 0 0 0
0 ρ22 ρ23 0
0 ρ23 ρ22 0
0 0 0 ρ44

 , (11)
where
ρ11 = 1 + 2 〈σz〉+ 〈σz1σz2〉 ,
ρ22 = 1− 〈σz1σz2〉 , (12)
ρ44 = 1− 2 〈σz〉+ 〈σz1σz2〉 ,
ρ23 = 2 〈σx1σx2 〉 .
The magnetization and the two-point correlations above are obtained in terms
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of the derivatives of the free-energy34, f = − 1β limL→∞ lnZL ,
〈σz〉 = −2∂hf/J,〈
σzj σ
z
j+1
〉
= ∂∆f/J,
〈
σxj σ
x
j+1
〉
=
u−∆∂∆f + h 〈σz〉
2J
,
〈
σzj σ
z
j+1
〉
=
〈
σxj σ
x
j+1
〉
=
u+ h 〈σz〉
3J
, ∆ = 1,
where u = ∂β(βf) is the internal energy. We explained in details the procedures
to determine the free-energy f in Ref. 20. It is not a simple task and it involves
the application of complicated analytical and numerical computations. The CPs of
the XXZ model depend on the value of the magnetic field h35. One of them, called
∆inf , is an infinite-order QPT determined by solving the following equation,
h = 4J sinh(η)
∞∑
n=−∞
(−1)n
cosh(nη)
, (13)
with η = cosh−1(∆inf ). The other CP, called ∆1, is a first-order QPT given by
∆1 =
h
4J
− 1. (14)
The behavior of TQD and EoF for the XXZ model at finite T and h = 0 was
initially studied in ref. 19. For h = 0 the XXZ model has two CPs36. At ∆inf = 1
the ground state changes from an XY-like phase (−1 < ∆ < 1) to an Ising-like
antiferromagnetic phase (∆ > 1). At ∆1 = −1 it changes from a ferromagnetic
phase (∆ < −1) to the critical antiferromagnetic phase (−1 < ∆ < 1). In ref. 19 we
analyzed the behavior of TQD and EoF only for ∆ > 0. Here we extend those results
by computing the correlation functions for the remaining values of the anisotropy
parameter, namely, ∆ < 0. In Fig. 4 we plot TQD (panel a) and EoF (panel c) as a
function of ∆ for different values of kT and h = 0. For T = 0 we can see that both
TQD and EoF are able to detect the CPs. TQD is discontinuous at ∆1 while at
∆inf the first-order derivative of TQD presents a discontinuity. Furthermore, EoF is
zero for ∆ < ∆1 and non-zero for ∆ > ∆1 reaching a maximum value at ∆ = ∆inf .
However, as the temperature increases the maximum value of EoF is shifted to the
right. Besides, EoF becomes zero also for ∆ > ∆1 as we increase T . On the other
hand, the first-order derivative of TQD is still discontinuous at ∆inf = 1 for finite
T . We can also observe that TQD increases for ∆ < −1 as T increases while its
first-order derivative diverges at the CP ∆ = −1. As mentioned in Ref. 19 the cusp-
like behavior at CPs ∆1 = 1 and ∆inf = −1 is due to an exchange in the set of
projectors that minimizes the quantum conditional entropy (5).
The study about the XXZ model was further explored in Ref. 20, with the
addition of an external field. The effects of the magnetic field h on the quantum
correlations are exemplified in Fig. 4 (panels b and d), where we set h = 12. The
values of the CPs for h = 12 are calculated employing Eqs. (13) and (14), resulting
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Fig. 4. TQD (panels a and b) and EoF (panels c and d) as functions of the tuning parameter ∆
for h = 0 (panels a and c) and h = 12 (panels b and d). From top to bottom in the region where
∆1 < ∆ < ∆inf , kT = 0, 0.1, 0.5, 1.0, 2.0.
in ∆inf ≈ 4.88 and ∆1 = 2. Again, for T = 0 the CPs are detected by both TQD
and EoF and, differently from the case h = 0, the behavior of these two quantities
is quite similar. Both quantities are zero for ∆ < 2 and non-zero for ∆ > 2, with
their first-order derivatives diverging at the CP ∆1 = 2. However, the infinite-order
QPT is no longer characterized by a global maximum of TQD or EoF, but by a
discontinuity in their first-order derivatives. Note also that TQD presents a cusp-like
behavior between the CPs. This behavior is once again related to the minimization
procedure of the quantum conditional entropy and so far it is not associated to any
known QPT for this model. It is important to mention that entanglement measures
may also have a discontinuity and/or a divergence in their derivatives that are not
related to a QPT37.
Now we move on to the cases where T > 0. When T increases both curves
of TQD and EoF become smoother and broader, with well defined derivatives in
the CPs. Besides, the cusp-like behavior of TQD previously mentioned tends to
disappear while both maximums of TQD and EoF decrease20. We noted in Ref. 20
that some features of the derivatives of these quantities remain for a finite, but
not too high temperature. To illustrate this fact, we plotted in Fig. 5 the first-
order (panel a) and second-order (panel b) derivatives of TQD with respect to the
anisotropy parameter ∆ for h = 12 and kT = 0.02, 0.1, 0.5. To plot the curves for
different temperatures in the same graph we normalized the derivatives of TQD,
that is, for each T we plotted the derivative of TQD divided by the maximum value
of the respective derivative. For T = 0 the divergence in the first-order derivative
of both TQD and EoF spotlights the CP ∆1 while the CP ∆inf is characterized
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Fig. 5. First-order (panel a) and second-order (panel b) derivatives of TQD as functions of ∆ for
the XXZ model with h = 12 and for kT = 0.02 (solid line), kT = 0.1 (dashed line), and kT = 0.5
(dotted line). The derivatives plotted here are normalized, that is, each curve was divided by the
maximum value of the respective derivative. The maximum of the first-order and second-order
derivatives of TQD are very close to the CPs ∆1 = 2 and ∆inf ≈ 4.88, respectively.
by a divergence in the second-order derivative. As can be seen in Fig. 5, although
the divergence at the CPs disappears as T increases, the derivatives reach their
maximum values around the CPs. We used these maximum values to estimate the
CPs at finite temperatures. The same analysis was applied to estimate the CPs
using EoF instead of TQD. In Ref. 20 we compared the ability of TQD, EoF, and
pairwise correlations (〈σz1σz2〉 and 〈σx1σx2 〉) to point out the CPs for T > 0 and we
showed that TQD is the best candidate to estimate the CPs.
To illustrate such result we compared in Fig. 6 the difference between the correct
CP ∆c and the CP estimated by our method ∆e for h = 6 and h = 12. One can
see in this figure that from zero to kT ≈ 1 the CPs estimated by TQD are closer to
the correct ones than the estimated CPs coming from other quantities.
3.3. XY Model
The Hamiltonian of the one-dimensional XY model in a transverse field is given by
Hxy = −λ
2
L∑
j=1
[
(1 + γ)σxj σ
x
j+1 + (1− γ)σyj σyj+1
]−
L∑
j=1
σzj , (15)
where λ is the strength of the inverse of the external transverse magnetic field and γ
is the anisotropy parameter. The transverse Ising model is obtained for γ = ±1 while
γ = 0 corresponds to the XX model in a transverse field38. At λc = 1 the XY model
undergoes a second-order QPT (Ising transition39) that separates a ferromagnetic
ordered phase from a quantum paramagnetic phase. Another second order QPT is
observed for λ > 1 at the CP γc = 0 (anisotropy transition
38,40). This transition is
driven by the anisotropy parameter γ and separates a ferromagnet ordered along the
x direction and a ferromagnet ordered along the y direction. These two transitions
are of the same order but belong to different universality classes 38,40.
The XY Hamiltonian is Z2-symmetric and can be exactly diagonalized
38 in the
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Fig. 6. The difference between the correct CP and the CP estimated by TQD (square), EoF
(circle),
〈
σx
1
σx
2
〉
(up arrow), and
〈
σz
1
σz
2
〉
(down arrow) as a function of kT . In (a) and (b) we have
h = 6 with a first (a) and an infinite-order (b) CP; in (c) and (d) we have h = 12 with a first (c)
and an infinite-order (d) CP. ∆c denotes the correct value of CP while ∆e denotes the value of
CP estimated by the extremum values of the derivatives of the quantities involved.
thermodynamic limit L→∞. Due to translational invariance the two spin density
operator ρi,j for spins i and j at thermal equilibrium is
41
ρ0,k =
1
4
[I0,k + 〈σz〉 (σz0 + σzk)] +
1
4
∑
α=x,y,z
〈σα0 σαk 〉 σα0 σαk , (16)
where k = |j − i| and I0,k is the identity operator of dimension four. The transverse
magnetization 〈σzk〉 = 〈σz〉 is
〈σz〉 = −
∫ pi
0
(1 + λ cosφ) tanh (βωφ)
dφ
2piωφ
, (17)
with ωφ =
√
(γλ sinφ)2 + (1 + λ cosφ)2/2. The two-point correlation functions are
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given by
〈σx0σxk 〉 =
∣∣∣∣∣∣∣∣∣
G−1 G−2 · · · G−k
G0 G−1 · · · G−k+1
...
...
. . .
...
Gk−2 Gk−3 · · · G−1
∣∣∣∣∣∣∣∣∣
, (18)
〈σy0σyk〉 =
∣∣∣∣∣∣∣∣∣
G1 G0 · · · G−k+2
G2 G1 · · · G−k+3
...
...
. . .
...
Gk Gk−1 · · · G1
∣∣∣∣∣∣∣∣∣
, (19)
〈σz0σzk〉 = 〈σz〉2 −GkG−k, (20)
where
Gk =
∫ pi
0
tanh (βωφ) cos (kφ)(1 + λ cosφ)
dφ
2piωφ
− γλ
∫ pi
0
tanh (βωφ) sin (kφ) sin φ
dφ
2piωφ
.
The relation between TQD and QPT for the Ising model (XY model with γ = 1)
at T = 0 was investigated initially by Dillenschneider11 for first and second nearest-
neighbors. More general results were obtained in Ref. 42 where TQD and EoF from
first to fourth nearest-neighbors was computed for different values of γ. This study
at T = 0 showed that while EoF between far neighbors becomes zero, QD is not null
and detects the QPT. The effects of the symmetry breaking process in entanglement
and QD for the XY and the XXZ models were discussed in Refs. 43, where the low
temperature regime was taken into account. In Ref. 20 we compared the ability of
TQD and EoF for first and second nearest-neighbors to detect the CPs for the XY
model at finite temperature.
The behavior of TQD and EoF for first nearest-neighbors as a function of λ for
kT = 0.01, 0.1, 0.5 and γ = 0, 0.5, 1.0 can be seen in Fig. 7. First, note that TQD
is more robust to temperature increase than EoF. For kT = 0.5 TQD is always
non-zero while EoF is zero or close to zero for almost all λ (see the blue/solid
curves in Fig. 7). As showed in Ref. 20, for second nearest-neighbors the situation
is more drastic since EoF is always zero for kT = 0.5. Now, to estimate the CPs at
finite T we used the same procedure adopted for the XXZ model. If the first-order
derivative of TQD or EoF is divergent at T = 0 then the CP is pointed out by a
local maximum or minimum at T > 0; if the first-order derivative is discontinuous
at T = 0 then we look after local maximum or minimum in the second derivative
for T > 0. These extreme values act as indicators of QPTs. The CPs estimated
with such method are denoted by λe while the correct CPs are denoted by λc. The
differences between λc and λe as a function of kT for γ = 0, 0.5, 1.0 are plotted in
Fig. 8. We can see in this figure that TQD provides a better estimate of the CP
λc = 1 than EoF.
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Fig. 7. (a)-(c) TQD and (d)-(f) EoF as functions of λ for kT = 0.01 (black/dashed line), kT = 0.1
(red/dotted line) and kT = 0.5 (blue/solid line) for nearest-neighbors. We use three values of γ as
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Fig. 8. The difference between the correct CP, λc, and, λe, the CP estimated either by TQD
(square) or EoF (circle) as a function of kT for (a) γ = 0, (b) γ = 0.5, and (c) γ = 1.0. Note that
both curves coincide at panel (b).
For γ = 0.5 EoF and TQD give almost the same estimation of the CP and for
γ = 1.0 TQD is better than EoF with predictions differing at the second decimal
place. For γ = 0, TQD outperforms EoF already in the first decimal place. Moreover,
for γ = 0 TQD is able to correctly estimate the CP for higher temperatures than
for γ = 0.5 and γ = 1.0.
So far we have studied a QPT driven by the magnetic field. However, for λ > 1
the XYmodel undergoes a QPT driven by the anisotropy parameter γ, whose critical
point is γc = 0. To study such transition we fixed λ = 1.5. In Fig. 9 we plotted TQD
and EoF for the first-neighbors as functions of γ and for kT = 0.001, 0.1, 0.5, 1.0, and
2.0. Note that the maximum of TQD and EoF is reached at the CP γc = 0. However,
only TQD has a cusp-like behavior at the CP. This pattern of TQD (maximum with
a cusp-like behavior) remains up to kT = 2.0. On the other hand, the maximum
of EoF at the CP can only be seen as far as kT < 1 for above this temperature
EoF becomes zero. In Ref. 20 we computed TQD and EoF for second-neighbors. In
this case TQD is able to detect the CP even for values near kT = 1.0 while EoF is
nonzero only for kT . 0.1.
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Fig. 9. (a) TQD and (b) EoF for the first nearest-neighbors as functions of γ. From top to bottom
kT = 0.001, 0.1, 0.5, 1.0, and 2.0. Here we fixed λ = 1.5 and the CP is γc = 0.
4. Conclusions
In this article we presented a review of our studies about the behavior of quantum
correlations in the context of spin chains at finite temperatures. The main goal of
this paper was to analyze the quantum correlation’s ability to pinpoint the critical
points associated to quantum phase transitions assuming the system’s temperature
is greater than the absolute zero. The two measures of quantum correlations studied
here were quantum discord and entanglement, with the former producing the best
results.
We first reviewed a work of two of us about a simple but illustrative two spin-1/2
system described by the XYZ model with an external magnetic field18. We showed
many surprising results about the thermal quantum discord’s behavior. For exam-
ple, and differently from entanglement, thermal quantum discord can increase with
temperature in the absence of an external field even for such a small system; and
that there are situations where thermal quantum discord increases while entangle-
ment decreases with temperature. Furthermore, for the XXX model we observed for
the first time that quantum discord could be a good candidate to signal a critical
point at finite T .
To check whether quantum discord is indeed a good critical point detector for
temperatures higher than absolute zero, we analyzed its behavior for an infinite
chain described by the XXZ model without19 and with20 an external magnetic
field and in equilibrium with a thermal reservoir at temperature T . Here we also
extended our previous results by computing the quantum correlations between the
first nearest-neighbor spins for the whole range of the anisotropy parameter (positive
and negative values). In this way we were able to describe the two critical points of
the XXZ model in the thermodynamic limit and the behavior of quantum discord
near them. The results presented here and in refs. 19, 20 showed that quantum
discord is far better the best critical point detector for T > 0 with respect to all
quantities tested (entanglement, entropy, specific heat, magnetic susceptibility, and
the two-point correlation functions).
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Another model considered in this work was the XY model in a transverse
magnetic field20. Again, we computed the quantum correlations between the first
nearest-neighbors assuming the system in equilibrium with a thermal reservoir
at temperature T . This model has two second-order quantum phase transitions,
namely, an Ising transition and an anisotropy transition. For the Ising transition
we observed that the critical point is better estimated by quantum discord. For the
anisotropy transition both quantities, entanglement and discord, provide an excel-
lent estimate for the critical point at low temperatures. However, since for increasing
temperatures quantum discord is more robust than entanglement, the former was
able to spotlight the quantum critical point for a wider range of temperatures, even
for values of temperature where entanglement was absent.
In conclusion, we showed that for the spin models studied here and in Refs. 19,
20 quantum discord was the best quantum critical point estimator among all quan-
tities tested when the system assumes a finite temperature. It is also important to
mention that the knowledge of the order parameter was not needed to estimate the
critical points. Therefore, we strongly believe that our results suggest that quantum
correlations - mainly quantum discord - are important tools to study quantum phase
transitions in realistic scenarios, where the temperature is always above absolute
zero.
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